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Some of the properties of the upper bound of the spectrum of a quasilinear 
eigenvalue problem, subject to a positiwty requirement, are dertved. It is 
shown that, as a function of the surface heat-transfer coefficient, this parameter 
IS a continuous, monotonic increasmg function and is bounded above. 
1. INTRODUCTION 
In this paper we study the nonlinear equation 
L(u) = y(x, u), x = (XI ,..., xm) ED C IF’, 
where L is the uniformly elliptic, second order, self-adjoint differential 
operator, 
with (IO(X) continuous and nonnegative on D, a,,(x) = ujt(x) continuously 
differentiable on D, and, for all unit vectors p = ( p, ,..., p,), 
,!l a,,(x) P,P, > 0, x E D- 
*- 
The region D is the interior of a bounded region in P with a piecewise- 
smooth boundary aD. On aD we take as the boundary condition 
w4 = 0, XEaD, 
where B, is the operator given by 
B&J) = kb(x)u + $ , XE~D~ 
11, XEaD, = ao- ao,, 
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with b(x) > 0 and continuous on aD, , K > 0, and au/& is the conormal 
derivative at x E aD defined by 
We take n(x) = (n,(x),..., n,(x)) as the unit outward normal to D at x E aD. 
Following Keller and Cohen [I] we take the measure of aD, to be positive. 
In Eq. (l), f(x, u) will be taken as a convex-increasing function of u satisfying 
H - 0: f (x, u) continuous for x E D, u E R, 
H- l:f(x,O) >OforxED, 
H - 2: fu(x, u) continuous and positive for u E R, x E D, 
H - 3: fu(x, q) > fu(x, u2) on D when ur > ua . 
Under these conditions on f we will be concerned with a parameter A,, 
defined by 
A,, = sup A, 
where A is the set of h for which positive solutions of Eqs. (1) and (2) exist. 
Various estimates for A,, have been obtained. 
In [l] it was shown that, 
h < 4h 0 d h -=L A,, , 
and A,, < pr(O), so that A,, is well defined. In these inequalities pr(h) is 
the principal eigenvalue of 
4-4 = Pfu(x, e, XED, 
G&4 = 0, XEaD, 
and u is the minimal positive solution of (1) and (2) (that is, u(x) > u(x) 
on D for any solution of (1) and (2)). The existence of minimal solutions 
was also proved in [l, p. 13661. Further, it was conjectured in [l] that 
xc, = PdU- (3) 
Variational methods for determining A,, have been given by Wake and 
Rayner [2] and these give very accurate estimates for A,, in various cases 
as demonstrated in Wake [3]. 
Under the additional hypotheses 
H-4: liiu2~(J-@$-)>OonD, 
H _ 5: lim f (x’ ‘) - (F(x) + u’(x)) 
11 = 0 on D, U-+,m 
for some functions F, G; 
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it has been shown by Keener and Keller [4] that Eq. (3) holds for at least 
these cases. 
The parameter h,, is of considerable importance in thermal igmtron. 
For A > X,, there do not exist stable steady-state solutions of the time- 
dependent problem. Therefore the parameter plays the role of a critical 
explosion parameter and its determination has great importance in practice. 
In this paper we will be interested in the dependence of h,, on k. In a 
specral case and under various approximations, Thomas [5] suggested that 
h,,(k) was a concave-increasing function of K, the heat-transfer coefficient, 
and was bounded above. Here we shall investigate some of these properties, 
assuming that Eq. (3) holds for convexf(H - 0, 1, 2, 3). 
2. MAIN RESULTS 
We will assume that positive solutions of Eqs. (I) and (2) exist for X = 
h,,(K) and that, as in Eq. (3), which we now label as another hypothesis, 
H - 6: M4 = 4) = ~dU4~fu(x, 4). (4) 
Accordingly, results we obtain hold only for convex f for which this is 
true. However, we have already noted that this is likely to be so for all 
convex f. With this assumption we get that the positive solution of (1) 
and (2) for h = X,,(K) is unique. 
THEOREM 1. If H - 0, 1.2, 3, 6 are valid then there is at most one positive 
solution of (1) and (2) when X = X,,(k). 
Proof. If we assume that there are two positive solutions u(x; h,,(K), K) 
and U(X; h,,(K), K), with u the minimal solution, then it follows that 
L(” - u) - L@) f&G @(u - u) = 0, x E D, (5) 
B,(u - u) = 0, xeao, (6) 
where 6(x) is defined from the mean-value theorem 
and 
f (x9 4 - f (x, 4 = (u - u) f&G 4, XED 
From the assumptions H - 0, 1,2 on f, clearly 8 1s continuous on D. Either 
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(a) u = 0 on D, in which case it follows from H - 3 that u = 0 = u on D, 
or (b) there exists LX,, E D where 
4% ; h(k), 4 < @%I). 
In this latter case, there will exist a neighborhood N of jc, where, for x E N, 
u(x; I,,, k) -=c d(x), 
and so 
with strict inequality for x E N. Thus 
using the well-known result on eigenvalues for linear problems [6]. Then, 
in the linear problem (5) and (6), either u - u = 0 on D or u - u is an 
eigenfunction other than the principal eigenfunction, in which case u - u 
takes on negative values in D, contradicting the minimality of u. So in 
cases (a) and (b) above u = u on D, and we have uniqueness of a positive 
solution for h = h,+(K). Q.E.D. 
Remarks. We will often refer to problem (l), (2) being solvable at 
(h, , k,). This means that (l), (2) has positive solutions for K = K0 , X = h, , 
or equivalently, h, E (0, h,,(&,)]. Any positive solution of (l), (2) at (h, K) 
we denote by U(X; A, K), with u(x; A, K) as the minimal solution. 
Next we show h,,(K) is monotone increasing with K, and, after a discussion 
on continuity properties of h,,(K) and u(x; X,,(K), k), we show that 
limk,, h,(k) = AZ; , where h,*, is the critical parameter of Eq. (1) with the 
Dir&let boundary condition 
u = 0. XE~D. 
2.1. A,..(k) Monotone Increasing 
We need the following extension of the positivity lemmas of Keller and 
Cohen [l]. 
LEMMA 1. Ifr(x) > 0, x E D, and+(x) E P(D) sutzijiesL(q5) - XY(X)# 2 0, 
x E D, B&) > 0, x E aD, then 4(x) 2 0, x E D, ;f X < pl(k, Y(X)). 
Proof. This holds as a consequence of the positivity on D of the Green’s 
functiong ofL - h(x) with the boundary condition (2) when X < p,(k, Y(X)). 
(By continuity, g is nonnegative on 80). Q.E.D. 
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THEOREM 2. If f sutisjes the hypotheses H - 0, 1, 2, 3, 6 then X,,(k) is 
a nondecreasing function of k. Further, for fixed A, the minimal positive solution 
of (1) and (2) is non&creasing wi?h k pointwise on D. 
Proof. We define a sequence (u,) using a Picard iteration scheme. For 
n 2: 1, 
Wn) = 4lf(x, %-I), XED, 
&.t%J = 0, .Y E %D, 
with 
uo = u(x; 4,, k,). 
Here, k > k, , and 0 < h, < h,,(k,). 
We wish to show, by induction, that the sequence of iterates (II, = u,(x)) 
is monotone nonincreasing and positive on D. Now, 
W,) = Aof (xv 110) > 0, x E D, 
4k4 = 0, XEaD. 
Therefore, by the positivity lemma for elliptic operators, as in [I], ur(x) > 0, 
x E D. Assuming u,(x) > 0, x E D, i < n, then 
W,+1) = &If (xv 4 > 0, XED, 
%4%+,) = 0, XEaD. 
Therefore, as before, u,+r(x) > 0, x ED, and hence u,(x) > 0 for all n. 
Since u. = u(x; A0 , k,) satisfies (l), (2) at (llo , k,), 
uuo - 111) = &If (x, %) - 43f lx, 110) = 0, XED, 
B,(u, - 11,) = (k - ko) b(x) uo 3 0, XEaD. 
Therefore, by Lemma 1, when h = 0, 
uo(x) 3 %(X)l xED. 
Assuming u,-r(x) 3 u,(s), x E D, i < n, then since f(x, u) increasing with U, 
we have 
L(un - 11 n+1) = Uf (xv %-I) - f (xv %z)) 2 09 x E D, 
B&G, - un+J = 0, XEaD. 
Therefore, by the weak form of the positivity lemma for elliptic operators 
[I] we have u,(x) >, un+r(x), x E D, and hence (u,(x)) nonincreasing on D 
726 HEATH AND WAKE 
with n. Thus, since (uJx)) is monotone nonincreasing and bounded below 
(by zero), we can define 
u(x; A,, k) = ;+z u,(x). 
Writing the iteration in the equivalent form 
u n= ho j-/(X I Yi k)f(Y, %-I) dY9 
where g(x 1 y; k) is the Green’s function for L with the boundary condition 
(2), then we have as a consequence of the bounded convergence theorem, that 
4”; 4, 94 = 4, s, & I Y; k)f(y, 4~; A,, 4) 4. 
Thus u(x; A,, , k) is a positive solution of (l), (2) at (A, , K). Therefore, 
A,, < h,,(K), and, since k > k,, , with 0 < As < A,,(&,), we have shown 
h,,(k) is nondecreasing with k. Furthermore, because 
the minimal positive solution at (As , k), we have also shown that the minimal 
positive solution of (I), (2) is nonincreasing with K (for fixed X on D). Q.E.D. 
We can now establish the main result of this section. 
THEOREM 3. With the same assumptions as in Theorem 2, X,,(k) is monotonic 
increasing with k. 
Proof. We proceed by contradiction. Suppose there exist k, < k, where 
h,,(k,) = h,,(k,). With u, = u(x; X,,(k,), k,), i = 1, 2, or - us satisfies 
W, - 4 - UMf&, %u, - 4 = 0, XED 
&& - us> = (k, - h) Wu, 3 XEaD, 
where 8 = 8(x) is defined from the mean-value theorem by 
(7) 
(8) 
f lx, 4 - f (x, 4 = @I - 4 f& 4, 
and, since the minimal positive solution is nonincreasing with k on D for 
f!ixed A, 
u1 3 0 > us on D. 
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Therefore, f&, or) > fU(x, 0) 2 f&v, ue) on D, and hence 
That is, 
L.(k,) = /& ,fuh ‘4). 
Denoting the positive eigenfunction associated with pl(kl , fU(x, 6)) by 4, then 
we have 
&JR = 0, XEaD. (10) 
Multiplying (7) by 4, (9) by or - ~a, subtracting, integratmg over the 
region, and using the boundary condttions (S), (lo), yields 
(k, - k,) j” b(x) c$u., h(x) = 0. 
irD, 
By a maximum principle satisfied by a positive solutron, a, of the inequahty 
if v(x,,) = 0, .x0 E i?D, then (iio/&)(x,) < 0. 
It then follows, since k, , k, > 0, and b(x) > 0 on BD, that +, u2 are 
positive on aD, . Therefore the above integral is positive, and thus k, = k, . 
So by contradiction, the result X,,(k) monotone increasing with k is 
established. Q.E.D. 
2.2. Continuit-v of h,,(k) 
We know that, for k fixed, the set of X for which a positive solution of 
(l), (2) exists is (0, A,,(k)], and the minimal positive solution u(x; h, k) is 
continuous on D from the left with h E (0, X,,(k)]. Also, for fixed X, if a 
positive solution exists for k = k, , then a positive solution exists for k > k, . 
Therefore, since h,,(k) is monotone increasing and hence gives rise to a 
well-defined inverse function k,,(X), the set of k for which a positive solution 
of (l), (2) exists (A fixed) is just [k,,(X), co). We first establish a property 
of continuity of u with k. 
409/48/3-7 
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THEOREM 4. The minimal positive solution u(x; A, k) is continuous from the 
right with k E [k,,(A), 00) on D, assuming f satisfies H - 0, 1,2, 3,6. 
Proof. Taking any k E [k,,(h), co), and a decreasing sequence (k,) with 
k < k, and k, + k, then because u(x; A, k) is nonincreasing with k on D, 
u(x; A, k,) < u(x; A, km,,) d u(x; A, 4, XED. 
So (un> = (0; A k,)) is a nondecreasing sequence of functions on D, 
bounded above, and hence there exists a function u = u(x) where 
lim II, = u on D, n-m 
and 
u(x) < u(x; A, k), XED. (11) 
Since u, satisfies 
u n = h J ;g(x I Y; kn)f(y, 4 dy. 
and 
iz g(.r I Y; k,) = g(x I y; 4, 
then the bounded convergence theorem applies, and thus 
u = X s /(x I Y; k)f(y, 4 4. 
That is, u is a positive solution of(l), (2) at (A, k), and hence, since u(x; A, k) 
is minimal, 
u = U(X) > u(x; A, k), XED. 
Comparing this inequality with (1 l), we get 
iiyk u(x; A; k,) = u(.r; A, k), 
and the continuity of u(x; A, k) on D from the right with k is established. 
Q.E.D. 
COROLLARY. If h,,(k) is continuous, which we prove later, then the (unique) 
positive solution of (I), (2), u(x; X,,(k), k), is continuous with k E (0, CO). 
Proof. Since, for k, < k, , 
I u(x; Ud, 4) - 4x; &,(kz), k,)I 
< I u@; L(k,), 4) - u@; W,), WI 
+ I 4x; Uk3, k,) - 4~; LW, k-d1 
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the result follows immediately, as the two terms on the right hand side 
both approach zero as 1 k, - k, 1 tends to zero. Q.E.D. 
THEOREM 5. Assuming H - 0, 1, 2, 3, 6 then X,,(k) is continuous mth k. 
Proof. We let h,,.(k) have a possible drscontmuity at k = k, . Then for 
t :. 0, A,,(k, + f), h,,(k, - t) are, respectively, decreasing with t and 
bounded below by h,,(k,,), mcreasmg with t and bounded above by &(ko). 
We therefore can define A, , A- by 
A, = !;g ~,,(k, + t) 3 MkcJ> 
A- = j& &,(k, - t) < L@o). 
We consider the set of minimal positive solutions 
ut = u(x; L&, - t), k,). 
Smce A- ,< X,.,(k,,), we have 
hp+ ut = u(s; A- , k,). 
It follows from this that 
f;~ I+; &(k,, - t), k, - t) = u(.r; L , k,), 
via the inequality 
1 u(x; A- , k,) - u(x; L& - t), k, - t)l 
< 1 u(x; A-, k,) - ut I + I ut - u(.v &,(k, - t), k, - t)l. 
Then, since pl(k, T(X)) varies continuously with k, r(x), we obtain 
A- = Ep+ A,&, - t) 
= ;ip+ /.+l(ko - t,f& 4~; LP, - Q ko - 4)) 
= /&, ,f&, 4~; A- s 4,))). 
Thus, because A- < h,,(k,,), and u(x; A-, k,) < u(x; Xer(kO), k,) on D, then, 
by convexity off, and the monotone properties of pr(k, r(x)), 
A- = cL#, , f&, u(x; A- > k,N) 
3 p& ,f& 0; Wd, 4,))) = h-r(kd~ 
Therefore, A, = A,,(k,). 
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We now consider the set of minimal positive solutions 
Ut = u(Jc; I,,, k, + t), t > 0. 
Then lim t+O+ ut = u(x; &r(ko), k,), and hence 
!jF+ Pdkcl + 4 fu(% 4) = ~crv%)~ 
However, because 
ut d u(x; L@,, + t), h, + t) on D, 
it follows from the convexity off and the monotone properties of pi(K, r(x)), 
that 
ccl&l + 4 fu@, 4) 2 ukl + t)- 
Taking limits in this inequality yields A,,(&,) 3 A, , and hence we have 
A- = &(k, )= A+ , 
and h,,(K) is continuous at K = k, . Q.E.D. 
Remarks. Whether or not X,,(K) and u(x; h,,(K), K) are differentiable 
with respect to K is more difficult to show. Laetsch [7] has shown, for fixed K, 
au/ah exists away from criticality (i.e., X < X,,(K)) as the unique solution of 
W) - v&G u)v = f(X, u), XED, (12) 
B,(v) = 0, x~iiD. (13) 
He proved this for the more general situation 
u = AA(U), 
where L4A is an increasing family of FrCchet 
our problem 
differentiable operators. For 
4(u) = h J Ax I Y; k)fb 4 dr- 
D 
It is not difficult to verify that for fixed A, 3u/i3k exists away from criticality 
(i.e., k > k&)) using 
44 = h s, cc (x I Yi 3 f(Y, 4 dY* 
However, for k fixed, it is found that 
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2.3. lim,,, X,,(k) = Xzr 
Here A,*T is the critical parameter for the nonlinear Dirichlet problem. 
We need the following lemma. 
LEMMA 2. If Y(X, k) > 0, x E D and lim,,, Y(X, K) = Y(X) > 0, x E D, 
then lim,,, p.,(k, Y(X, k)) = /3r , where /I1 is the$rst eigenvalue of the Dirichlet 
problem 
L(v) = pY(x)v, x E D, 
v = 0, x~i3D. 
Proof. The eigenvalue pl(K, Y(X)) f or the linearized problem already 
satisfies lim,,, &k, Y(X)) = &(Y(x)). The lemma follows from taking the 
limit in the inequality 
I Pl(W - P,(k Y(X> WI 
< I A(y(x)) - P,@, +>>I + I pdk y(x)) - r-1@, ~6, W- Q.E.D- 
THEOREM 6. For all h > 0, X,,(h) < Xzr , assuming H - 0, 1, 2, 3, 6. 
Proof. If (1) (2) . is solvable at (A,, , k,) then, for K > K, , the set of minimal 
positive solutions z41c = u(x; A, , k) is monotone nonincreasing on D with K 
and bounded below (by zero). Thus there exists a function v(x; A,) where 
p-2 u(x; A, ) h) = v(x; A,), XED, (14) 
and, for K > k, 
u(x; h, ) K) 3 v(x; 4) 2 0, XED. 
Because 
Uk =A, s n& IY; 4fb 4 di 
we get from the bounded convergence theorem that 
v(x; 4,) = h, SD& I Y; m>f(r, V(Y; 43 dy, 
where g(x 1 y; co) is the Green’s function for L with Dirichlet boundary 
condition, and we have used the fact that 
pz e(x I y: 4 = EC” I y; co), m, y E D. 
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The last statement is a consequence of a result in Bergman and Schiffer 
[S, p. 4011, where, it should be noted, g(x 1 y; R) corresponds to the Robin’s 
function. Therefore, o(x; A,J is a positive solution of 
44 = Af(x, 4, XED, (15) 
11 = 0, XEaD (16) 
with h = h, , and hence A, ,( A,*, .
Furthermore, because v(x; A,) is continuous on D, we have from Dini’s 
theorem that the convergence in (14) is uniform on D. We could have chosen 
A,, = A,,(&), and therefore, since K, is arbitrary, we get, for all k, 
U) G G - 
We can now prove the main result of this section. 
Q.E.D. 
THEOREM 7. lim,,, h,,(k) = A,*, , assuming H - 0, 1,2,3,6. 
Proof. Since h,,(k) is bounded above, and monotone increasing, there 
exists 01 where 
Furthermore, the set of positive solutions v(x; A) of (19), (20) defined (now 
for any h E (0, a)) by (14) varies continuously, and is monotone nondecreasing, 
with h on D. These results are immediate from Eq. (14), since the minimal 
positive solution u(x; A, k) is continuous and monotone increasing with h 
on D. Also, 
/&fu(x; u(x; A, k)) = fu(x, 4x; A)), 
so that taking the limit as k -+ co in the relation 
yields 
0 -c h < b,(k) -c /-4k,fu(x, u(x; A, k))) 
0 < x < 01 < A(fu(x, “(xi 4)). (17) 
We have used here Lemma 2 and the notation B(r(x)) introduced above. 
Since v(x; A) is nondecreasing with h on D, we obtain, from the convexity 
of f, that pl(fu(x, v(x; A))) is nonincreasing with A. Furthermore, because 
for each k > k,,(h), 
NONLINEAR EIGENVALUB PROBLEMS 733 
we have 
@J A(f”(X, e; 4)) = a. (18) 
Because w(x; A) is defined as the limit of minimal positive solutions of 
(l), (2), it is evident, but difficult to prove, that W(X; A) is minimal. In that 
case (18) would yield OL = A,*7 immediately. We must proceed with a slightly 
different approach. For any h E (0, CY) we subtract the equations satisfied by 
V(X; A) and w(x; A$) the (unique) minimal positive solution of (15), (16) 
for X = AZ . This yields 
q.4 - ~fu(x, e>z = (CT - qf(x, 4x; G)), XED 
-w) - Gfu(x3 @ = (CT - h)f(x, fJ(x; 4), XED 
z = 0, XE~D, 
where 
z = w(x; A,*,) - w(x; A), and e = fyx; A) 
is defined from 
(19) 
(20) 
(21) 
f(x, 4x; G)) -f(x, w(x; 4) = Zfu(X, 0). 
Because w(x; A) is continuous with h on D, and f,,(x, u) is continuous on D, 
6(x; A), f&t, 0) and hence /31(fu(x, 0(x; A))) are continuous with A. 
If there exists h E (0, o) where &(fu(x, 0)) > &(fu(x, w(x; A))), then 
X < ,til(fu(x, e)), so the positivity lemma applied to (19) (21) yields 
and then 
z = w(x; A$) - w(x; A) > 0, XED, 
4~; gi.) 2 e(x; 4 2 0(x; 4, XED. 
It follows from this last inequality and the convexity off, that 
which is a contradiction. Therefore, for A E (0, ar), 
Because lim,,,, u(x; A, K) = 0, it follows from (14) and the decreasing 
nature of u(x; A, k) with k, that 
pp+wv(x; A) = 0. + 
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Since w(x; AZ) > 0, x ED, it follows there exists 6 > 0 such that, for 
x E (0, 3, 
and thus 
0 < 7.(x; A) < w(x; A,*,), XED, 
“(x; A) e 6(x; A) < w(x; A,*,), XED. 
Hence, for h E (0, a), 
If this holds for 6 = 01 then, taking the limit h --t LX, yields cx = A,*, . Otherwise 
there exists h E (0, a) such that 
Then pl(fU(x, 0)) < Xzr , and, since &(fJx, 0)) varies continuously with X 
and is not less than A,*, for h small enough, there exists some h, E (0, LX) 
where &(f,Jx, 0(x; Ae))) = A,*, . It follows from this and Eqs. (20) and (21) 
that A,*7 = A,, , contradicting 
Therefore, A,*, < a(fJx, er(x; A))), for A E (0, OL), and thus 
r3 < G < ~$wu(x, $x; 4)) = a!. 
That is lim,,, h,,(K) = A,*, .
(We have assumed that Azr exists. If not, then 
Q.E.D. 
follows readily from the preceding proof.) 
3. CONCLUDING REMARKS 
We have shown that h,,(k) is a continuous, monotonic-increasing function 
of k and bounded above. This means that, for sufficiently large k, h,,(k) 
is concave (that is, XX(k) (if it exists) is negative). We expect that A,,(k) 
is concave for k > 0, and indeed conjecture that this is so, but lack of 
knowledge of the behavior of u(x, k) with k made it difficult to prove this 
by the methods used in this paper. 
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